Abstract. We consider Auerbach bases in Banach spaces of dimension n > 2. We show that there exist at least (n−1)n/2+1 such bases. This estimate follows from the calculation of the Lusternik-Schnirelmann category of the flag variety. A better estimate is obtained for generic smooth Banach spaces using Morse theory.
Introduction
Let X be an n-dimensional Banach (real or complex) space. We call a biorthogonal system of vectors x 1 , x 2 , . . . , x n ∈ X and functionals x * 1 , x * 2 , . . . , x * n ∈ X * an Auerbach basis provided x i = x * i = 1 for i = 1, 2, . . . , n. The existence of Auerbach basis was established first by Auerbach in his PhD thesis (cf. [Au] , [Ban, Remarks to Chpt. VII]); proof was first published independently by Day (cf. [Day] ) and Taylor (cf. [Tay] ). It is based on the extremal argument -the basis vectors are selected by maximizing the volume of the convex symmetric envelope of n-tuples of vectors from the unit sphere. Plichko (cf. [Pli] ) noticed that if X is not a Hilbert space the maximal argument applied to the dual space gives another Auerbach basis, which means that in a finite dimensional Banach space there always exist two different Auerbach bases (here we identify bases which differ only by permutation or multiplication by scalars of absolute value one). Motivated by this result Pe lczyński stated the conjecture that any n-dimensional Banach space admits at least n different Auerbach bases. In this paper we confirm Pe lczyński's conjecture by proving the following Theorem 1. 1) In every n-dimensional Banach space there exist at least function. In Section 4 we calculate the topological invariants which enable us to prove the second part of Theorem 1 via the Morse theory. In Section 5 we deal with the general case. We use the Lusternik-Schnirelmann theory to estimate the number of bifurcation points of the determinant function. Finally in Section 6 we show that the set of norms for which the Morse theory applies is open and dense in a suitable topology. Therefore the estimation of the number of Auerbach bases given by the second part of Theorem 1 holds for a generic norm. In Section 7 we apply the methods developed in the previous sections to estimate the number of so called Auerbach simplices which could be treated as another analog of Auerbach bases for non-symmetric bodies.
Our main estimate is based on the Lusternik-Schnirelmann theory which relates the category of a manifold with a number of critical points of a given function. In the presentations which are available in the literature a function is assumed to be smooth. In the Appendix we give a proof with merely topological assumptions.
We thank Zbigniew Szafraniec for suggesting application of Lusternik-Schnirelmann theory.
Unit vector bases
Let us fix a natural number n > 1. Denote by W (n) the set of square real matrices of size n × n the columns of which are unit vectors. Of course W (n) is a product of spheres:
Let us consider the determinant of a square matrix as a function defined on W (n). The value 0 is a critical value. Let us consider the open manifolds
These manifolds are homeomorphic, and so let us focus on W (n) >0 .
is an open ball of the dimension
Proof. The group SO(n) acts on W (n) >0 by multiplication from the left. Consider the map
given by the Gram-Schmidt orthogonalization
This map is well defined since W (n) >0 consists of non-degenerate matrices. The map GS is invariant with respect to the left action of SO(n). This means, that for A ∈ SO(n) and 
It follows that
Hence GS −1 (I) can be identified with the subset of R n(n−1) 2 with coordinates a ij for 1 ≤ i < j ≤ n on which the square roots is defined. That is we demand that
for j = 2, 3, . . . , n. This set is the product of the unit open ballsB j ⊂ R j−1 (where R j−1 has coordinates a ij , 1 ≤ i < j).
The product of open balls is diffeomorphic to an open ball. 2
Σ n be the semidirect product of the permutation group Σ n and the group Z n 2 . This group is generated by matrices of permutations and the diagonal matrices with ±1 on the diagonal. Every element of G can be uniquely written as aσ, where a is a diagonal matrix and σ is a permutation. The group G acts on W (n) by multiplication from the right, when we view the elements of W (n) as matrices or by permutation and change of sign, when we view the elements of W (n) as n-tuples of unit vectors. The group G 0 ⊂ G consisting of matrices of determinant equal to 1 preserves W (n) >0 . The group G 0 consists of elements aσ ∈ G for which det(a) = det(σ). The group G 0 acts freely on W (n) >0 since G 0 and W (n) >0 are subgroups of the linear group GL n (R) and the action is given by multiplication of matrices. Therefore the quotient W (n) >0 /G 0 is a manifold.
Example 4. Let n = 2. Then W (n) >0 is homeomorphic to SO(2)×(0, π). The pair (R φ , θ) is sent to the pair of vectors cos(φ), sin(φ)) , (cos(φ + θ), sin(φ + θ) .
Here R φ is the rotation by the angle φ ∈ [0, 2π). The group G 0 is generated by the elements:
The quotient W (n) >0 /G 0 is homeomorphic to the open Möbius strip.
A finite dimensional Banach space is identified with fixed Euclidean space R n together with its closed unit ball -a convex centrally symmetric body D ⊂ R n with nonempty interior. Given such body we will construct a function g : W (n)/G 0 → R whose critical or strictly speaking bifurcation points will be correspond to Auerbach bases of the underlying Banach space.
Definition 5. We say that x ∈ M is a topologically regular point of g if there exists a neighbourhood of x which is of a product form U S × (a − ε, a + ε) and the function g on U coincides with the projection onto the second factor. If x is not topologically regular, then we say that it is a bifurcation point. The corresponding value f (x) is called a bifurcation value.
If g is a smooth function, then a bifurcation point is a critical point in the differential sense. There are critical points which are topologically regular (for example the function g(x) = x 3 ). By the Morse lemma the critical points with nondegenerate Hessian (i.e. Morse singularities) are bifurcation points.
Let ∂D be the boundary of D. Of course ∂D is homeomorphic to S n−1 . For a vector v ∈ S n−1 let h(v) be the length of a vector which is proportional to v and belongs to ∂D. Let us define
This function is equal to the volume of the parallelepiped spanned by the vectors in ∂D. Let g : W (n) >0 /G 0 → R + be the resulting map from the quotient.
The next theorem connects the Auerbach bases to the bifurcation points of g.
Theorem 6. Let g be defined as above. Then if {w 1 , w 2 , . . . , w n } ∈ W >0 /G 0 is a topological bifurcation point, then w 1 , w 2 , . . . , w n has Auerbach property, i.e. the vectors
form an Auerbach basis of D. Different bifurcation points correspond to different Auerbach bases.
Proof. We have a convex body D ⊂ R n , which is centrally symmetric. Suppose that the vectors w 1 , w 2 , . . . , w n−1 do not form an Auerbach basis. Then, without loss of generality we can assume that the hyperplane passing through w n parallel to w 1 , w 2 , . . . , w n−1 does not support D at w n . Let
. . , v n−1 are linearly independent, and
Let Q ⊂ V × R n be the sphere bundle over V , whose fiber over (v 1 , v 2 , . . . , v n−1 ) ∈ V is the unit sphere in span{v 1 , v 2 , . . . , v n−1 }, i.e. we have a fibration
We define a map (f 1 , f 2 ) : U → Q × R as follows:
• let P = v n + span{v 1 , v 2 , . . . , v n−1 } be the affine hyperplane in R n , which is parallel to span{v 1 , v 2 , . . . , v n−1 } an passes through v n ; by the assumption it has nonempty intersection with intD, • let b be the barycenter of P ∩ D; clearly b belongs to the relative interior of (P ∩ D), • let S(b) S n−2 be the unit sphere in the hyperplane P with center in b,
• we project radially v n on S(b),
• we obtain a unit vector
In this way we get a continuous section of the bundle Q. The R-coordinate f 2 is equal to
We show that the resulting function is a homeomorphism onto the image. The image is open. Thus it is locally the product, as in the definition of a regular point of the mapping
The inverse map is the following: suppose
i.e. p ∈ span{v 1 , v 2 , . . . , v n−1 } , |p| = 1. and let a ∈ R be a real number such that
where P is the affine hyperplane in R n which is parallel to span{v 1 , v 2 , . . . , v n−1 } and
is in the image of the map (f 1 , f 2 ).) Let b be the barycenter of D ∩ P . Define v n as the central projection of b + p form the center in b to ∂D.
The last part of the statement follows from the fact that dividing by G 0 identifies bases which differ by permutation or multiplication by numbers of absolute value one.
2
Suppose that g is a differentiable function. Not every critical point of g is a bifurcation point, but it can be easily shown that:
Proposition 7. If g is a twice differentiable Morse function then any critical point corresponds to an Auerbach basis.
We leave the argument to the reader, it follows from the topological description of the neighborhood of the critical point of the function (Morse lemma).
Flag varieties
Let us consider the quotient
If we change the sign of v k , then none of span(v 1 , v 2 , . . . , v ) is changed, w remains the same except for w k which changes the sign. Therefore we obtain the decomposition
The space O(n)/Z n 2 parameterizes the collections of n perpendicular lines in R n . This space can be identified with the real flag variety F l(n, R).
cohomology
The cohomology of the flag variety with Z 2 coefficients is well known: Theorem 8. The cohomology H * (F l(n, R); Z 2 ) is a Z 2 algebra generated by elements from the first gradation (Stiefel-Whitney classes of the tautological line bundles). The dimension is equal to n!.
Remark 9. The statement of Theorem 8 follows inductively from the Leray-Hirsch Theorem [Hus, Ch. 17 .1] applied to the fibration
In fact
where x i are generators in degree one corresponding to the Stiefel-Whitney classes of the tautological line bundles, and σ i = σ i (x 1 , x 2 , . . . , x n ) are the elementary symmetric functions. It is hard to give a precise reference to that fact. It follows from the corresponding statement for the complex flag variety, cf. [Bor, 20.3(b) ].
We compute the cohomology with rational coefficients of W (n) >0 /G 0 applying the following result:
Proposition 10. [Bre, III.7 .2] Let X be a topological paracompact space with an action of a finite group G. The cohomology of the quotient is isomorphic to the invariant part of the original cohomology:
We apply this general rule in our situation:
Theorem 11. There is an isomorphism
Proof. By Proposition 3 the space W (n) >0 retracts to W (n) 1 = SO(n). Observe that the action of G 0 on H * (SO(n)) is trivial, since every element of G 0 can be connected with the identity by a path in SO(n). By Proposition 10 we obtain
Since the rational cohomology of SO(n) is the same as the cohomology of the product of n 2 spheres (cf. [Hat, Prop. 3D4 ] ), we obtain:
Then g has at least 2 n 2 critical points.
Proof. Let M = W >0 /G 0 . Suppose g has only a finite number of critical points (otherwise we are done). Then for ε sufficiently close to 0 the homotopy type of M >ε is the same as M . We apply Morse theory for the function −g. For sufficiently large a ∈ R we have M ≥a = ∅ and between a and ε there are critical values t, each of which provokes a change of dim(H * (M >t )) by one. It follows that there have to be at least dim(H * (M ; Q)) critical points.
Using properties of the fundamental group we can improve a little bit the bound from the above corollary. The fundamental group
For n ≥ 3 this group is not abelian, since the quotient G 0 is not abelian. (The cyclic permutation of coordinates does not commute with diagonal matrices.) Corollary 14. Suppose n ≥ 3. Then g satisfying the assumption of Corollary 13 has at least 2 n 2 + 4 critical points. Proof. A critical value t, provokes a modification of the homotopy type of M >t . It follows that there has to be at least two critical points of index 1 because such points correspond to the generators of π 1 (M >ε ) (note that π 1 is not generated by a single element). Since H 1 (SO(n), Q) = 0, there has to be at least two critical points of index 2 which kill the generators of π 1 in H 1 . The remaining critical points come from the generators of homology of degree at least three.
We deal now with the complex case. Here instead of W we study a collection of n unit vectors in C n . Denote this space by W (n) C (it is the product of spheres (S 2n−1 ) n ). The Gram-Schmidt orthogonalization can be considered as a map
=0 is the set of linearly independent vectors, which is identified with the set of matrices with determinant not equal to zero. As before we have
Here instead of Z n 2 the torus (S 1 ) n acts via rotating the vectors. (In the real case we could only change the sign.) As before this action commutes with the Gram-Schmidt orthogonalization process. We obtain
The space U (n)/(S 1 ) n is the complex flag variety F l(n, C). The integral cohomology of the flag variety is free and additively generated by the Schubert cycles:
Theorem 17. [Bor, Th. 20.3(b) ] The cohomology H * (F l(n, C); Z) is an algebra generated by elements from the second gradation (Chern classes of the tautological line bundles). The rank is equal to n!.
Combining the result above, Proposition 16 with Theorem 10 we obtain
is an algebra generated by elements from the second gradation. The dimension (i.e. the sum of Betti numbers) is equal to n!.
and g is a Morse function on W (n) =0 /G 0 . Then g has at least n! + 2 critical points.
The proof is the same as in the real case except the argument involving the fundamental group. We know that there are at least two critical points of index one, but we do not control the number of points of index two.
Remark 20. We do not have to assume that D is convex. It is enough to assume that it is star-shaped and centrally symmetric.
Estimate based on Lusternik-Schnirelmann category
If a function g is not of Morse type, then we can apply Lusternik-Schnirelmann category to estimate the number of bifurcation points (cf. [LS] and also a modern monograph [CLOT] ).
Definition 21. Let X be a topological space and Y ⊂ X its closed subspace. Then the Lusternik-Schnirelmann category cat X (Y ) denots the smallest cardinality of covering of Y by open sets which are contractible in X.
We need the following version of the Lusternik-Schnirelman theorem which is valid for general continuous maps.
Theorem 22. Let M be a path connected metric space which is locally contractible. Let f : M → R be a continuous proper function which is bounded from below. For each a ∈ R the number of bifurcation points with f (x) ≤ a is not smaller than cat M (M ≤a ).
In the presentations of the Lusternik-Schnirelmann theory which are available in the literature (see also [Fox, Jam, DFN] ) M is assumed to be a manifold and f a smooth function. In the Appendix we give a proof of Theorem 22 as stated with only topological assumptions.
We will apply the above theorem for M = W (n) >0 /G 0 and the function for
(see the formula (2)). The functions f and g have the same bifurcation points but f is proper and bounded from below as assumed in Theorem 22. The manifold M retracts to SO(n)/G 0 , so cat(M ) = cat M (SO(n)/G 0 ). The space SO(n)/G 0 is compact, thus it is contained in some M ≤a . Hence there are at least cat(M ) bifurcation points with values ≤ a.
We will use the cup-length to estimate the cat(W (n) >0 /Z n 2 ). Definition 23. Let R be a ring. The cup-length
is the length of the longest sequence of α 1 , α 2 , . . . , α of cohomology classes α j ∈ H * (M, R) of positive degree such that
Cup-length is a basic lower bound for the category of a set, cf. [Jam, (1. 3)] or [CLOT, Theorem 1.15] for related historical remarks and further references. (F l(n, R)) is a product of classes of gradation one by Theorem 8. Thus
and cat(F l(n, R)) ≥ n(n−1) 2 + 1.
In fact cat(F l(n, R)) cannot exceed its dimension, [Jam, Prop. 2 .1]. Thus cat(F l(n, R)) = n(n−1) 2 + 1.
So far we have computed the category of the space W (n) >0 /Z n 2 htp ∼ F l(n, R), but we are interested in a quotient of that manifold. The category of the quotient space is always not smaller than the original one under some general topological assumptions (e.g. that the space is locally contractible).
Theorem 25. [Fox, Th. 21 .1] Let M 1 → M 2 be a covering map of topological spaces.
By the dimension argument we have an equality.
Corollary 26. Any function satisfying the assumption of Theorem 22 has at least n(n−1) 2 +1 bifurcation points.
By the same method we obtain an estimate for the complex case Corollary 27. We have
Any function satisfying the assumption of Theorem 22 has at least n(n−1) 2 + 1 bifurcation points.
Generic convex bodies
The second part of Theorem 1 follows directly from the combination of the next three statements.
1) Morse functions are open in C 2 (W (n) >0 /G 0 )).
2) Banach spaces with semialgebraic unit ball are dense in space parameterizing Banach spaces equipped with the Hausdorff metric. This is a result of Hammer (cf. [Ham] or [Kro] for quantitative version).
3) In the algebraic variety of convex symmetric surfaces D which are given by the level surfaces of polynomials of n variable of fixed degree, those for which the determinant function g is not Morse form a proper subvariety.
We will give a proof of the last statement, namely we will show that for generic convex semialgebraic bodies the functiong is a Morse function, hence there exist at least ≥ 2 n 2 +4 Auerbach bases. We will give an argument for the bodies defined by homogeneous polynomial equations.
Example 28. Let D be the convex body given by the inequality P m (x) = n i=1 x 2m i ≤ 1. The standard basis ε 1 , ε 2 , . . . , ε n satisfies the Auerbach condition. This means that ε 1 , ε 2 , . . . , ε n is a critical point of the function det : (∂D) n → R. We claim that this critical point is nondegenerate. To show that we compute the Hessian. We choose coordinates in (∂D) n indexed by pairs (i, j), i, j ∈ {1, 2, . . . , n}, i = j. We set
This symmetric form is a sum of standard hyperbolic forms, so it is nondegenerate. Moreover every homogeneous polynomial Q of degree 2m having a critical point in (ε 1 , ε 2 , . . . , ε n ) can be deformed to P m
For t = 1 we have a Morse singularity and the family is analytic. Therefore sufficiently close to t = 0 the singularity is Morse as well.
Let V n,m be the space of homogenous polynomials in n variables of degree 2m. Let U n,m be the subset of polynomials P , such that D P = {v ∈ R n | P (v) ≤ 1} is strictly convex. The set U n,m is an open set in V n,m . For the convex body defined by P (v) ≤ 1 the function g
We define the critical and degeneration sets:
Defined above sets are given by analytic equations. For every positively oriented n-tuple v = (v 1 , v 2 , . . . , v n ) of independent vectors the intersection Crit n,m ∩ ({v} × U n,m ) is homeomorphic to the corresponding intersection for the standard basis. That is so because by a linear transformation every independent n-tuple can be transformed to the standard basis. We will compute the codimension of Crit n,m which is the same as the codimension of Crit n,m ∩ ({ε} × U n,m ) in {ε} × U n,m . The condition that ε i ∈ ∂D P i.e. P (ε i ) = 1 reduces to the statement that the coefficient of the monomial x 2m i is equal to 1. The condition that we have is a critical point is . Therefore the codimension is equal to n(n − 1). As shown by the example the sets of Degen n,m ∩ ({v} × U n,m ) are smaller, they are of codimension n(n−1)+1. Therefore dim(Degen n,m ) = dim V n,m +dim W (n)−(n(n−1)+1) < dim(V n,m ) and the projection Degen n,m → V n,m cannot be surjective. It follows that for each m > 1 the set {P ∈ U n,m |g P is Morse} is open and dense in U n,m . The argument can be modified to obtain the same conclusion for nonhomogeneous polynomials. The reasoning above is based on the codimension argument. For complex manifolds the codimension is always equal to the number of locally independent equations at a generic point. For real analytic sets the codimension may be bigger, but for the argument it is even better.
Auerbach simplices
Let D ⊂ R be a convex body. We call a simplex inscribed in D (i.e. such that all its vertices lie on the boundary of D) an Auerbach simplex of D provided every vertex admits a supporting hyperplane parallel to the opposite face. The methods developed in the previous sections could be used to estimate the number of different Auerbach simplices of D.
Similarly to the case of Auerbach bases, any bifurcation point of the volume function defined on the product of n + 1 copies of ∂D. Below we briefly describe the homotopy type of the manifold of all such simplices.
Let Simp be the space of all nondegenerate simplices in R n , i.e. (n + 1)-tuples of points in R n which do not lie on a common affine hyperplane. Let Simp(D) ⊂ Simp, the space of nondegenerate simplices inscribed in D, i.e. b i ∈ ∂D for i = 0, 1, . . . , n. Proof. Let us consider the following topological spaces
(
is the standard simplex,
the set of simplices with a chosen point of int(D) in its interior, (3)
the set of inscribed simplices with a chosen point in its interior. We show that the space (1) is homeomorphic to (2). The homeomorphism (1)→(2) is the following: let (v 1 , v 2 , . . . , v n ) ∈ GL n (R) (a matrix consisting of columns v i ), (x 1 , x 2 , . . . , x n ) ∈ int(∆ n st ), a ∈ int(D). W define the homeomorphism by the formula:
where T w is the translation by the vector w = − x i v i . The inverse map is the following:
We will show that the space (3) is homotopy equivalent to (2). For a ∈ int(D) let p a : R n \ {a} → ∂D be the central projection from a onto ∂D. Consider the following map 
The connected component Simp(D) + consisting of positively oriented simplices has homotopy type of SO(n). The group of permutations Σ n+1 acts freely on the spaces of simplices. The category of the quotient space Simp(D)/Σ n+1 = Simp(D) + /A n+1 is at least as the category of SO(n) by Theorem 25. The cohomology algebra H * (SO(n); Z 2 ) is described e.g. in [Hat, Th. 3D2] . Its cup-length is O(n log n). Precisely,
If the body D is general enough, then (as before) to give a lower bound of the number of critical points we use Morse theory. The rational cohomology behaves better when we pass to the quotient space SO(n)/A n+1 . The dimension does not change since the action of A n+1 is trivial on cohomology. (The group A n+1 can be identified with the group of orientation preserving isometries of a regular simplex in R n .) We obtain number of critical points ≥ dim H * (SO(n)/A n+1 ; Q) = dim H * (SO(n); Q) = 2 n 2 .
The computation of the rational cohomology of SO(n) follows from [Hat, Prop. 3D4] .
Summary
Below we list bounds for a number of bifurcation points for the spaces considered above. Morse function arbitrary function real ≥ 2 n 2 + 4 n log n
Appendix
For the reader's convenience we repeat the definition of a bifurcation point, the LusternikSchnirelmann category and the theorem which we prove.
Definition 30. We say that x ∈ M is a topologically regular point of f if there exists a neighbourhood of x which is of a product form U S × (a − ε, a + ε) and the function f on U coincides with the projection onto the second factor. If x is not topologically regular, then we say that it is a bifurcation point. The corresponding value f (x) is called a bifurcation value.
Remark 31. In this definition we do not assume that M is a manifold.
There are several variants of category of a space. The following is the most convenient for us:
Definition 32. Let X be a topological space and Y ⊂ X its closed subspace. Then the Lusternik-Schnirelmann category cat X (Y ) denots the smallest cardinality of covering of Y by open sets which are contractible in X. If X = Y we write cat(X) = cat X (X).
Theorem 33. Let M be a path connected metric space which is locally contractible. Let f : M → R be a continuous proper function which is bounded from below. For each a ∈ R the number of bifurcation points with f (x) ≤ a is not smaller than cat M (M ≤a ). the method of the previous Lemma we construct a homeomorphism Φ of M such that f (Φ(x)) < f (x) for x ∈ f −1 (λ i ) \ V . We have cat M (X \ V ) = cat M (Φ(X \ V )) < i by (4). This means that X \ V can be covered by i − 1 contractible sets. The set V is contractible in M since we assume that M is path connected. Hence cat M (X) ≤ i which is contradiction.
Proof of Theorem 33. If the bifurcation set is not discrete, then it is infinite and we are done. Suppose it is discrete. For b sufficiently negative the set M ≤b is empty, thus it has category equal to zero. Each value λ i for i = 1, 2, . . . cat(M ≤a ) appears in the segment [b, a] . By Lemma 36 for each i there is a bifurcation point at the level set f −1 (λ i ). By Lemma 37 there are cat M (M ≤a ) distinct values of λ i . 2
Remark 38. Without the assumption that the bifurcation set is discrete one can show as [DFN, 19.12] that if λ i = λ i+p , then the category of the bifurcation set is greater than p.
.
